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NEW TYPE OF SOLUTIONS TO A SLIGHTLY SUBCRITICAL HÉNON
TYPE PROBLEM ON GENERAL DOMAINS
JUAN DÁVILA, JORGE FAYA, AND FETHI MAHMOUDI
Abstract. We consider the following slightly subcritical problem
(℘ε)
{ −∆u = β(x)|u|p−1−εu in Ω,
u = 0 on ∂Ω,
where Ω is a smooth bounded domain in Rn, 3 ≤ n ≤ 6, p := n+2
n−2 is the Sobolev critical
exponent, ε is a small positive parameter and β ∈ C2(Ω) is a positive function. We assume that
there exists a non degenerate critical point ξ∗ ∈ ∂Ω of the restriction of β to the boundary ∂Ω
such that
∇(β(ξ∗)
−2
p−1 ) · η(ξ∗) > 0,
where η denotes the inner normal unit vector on ∂Ω. Given any integer k ≥ 1, we show that
for ε > 0 small enough problem (℘ε) has a positive solution, which is a sum of k bubbles which
accumulate at ξ∗ as ε tends to zero. We also prove the existence of a sign changing solution
whose shape resembles a sum of a positive bubble and a negative bubble near the point ξ∗.
Keywords: Hénon Problem, Critical exponent, Blowing up solutions.
AMS subject classification: 35J60, 35J20, 35J25.
1. Introduction and statement of main results
We consider the non autonomous almost critical problem
(℘ε)
 −∆u = β(x)|u|
p−1−εu in Ω,
u = 0 on ∂Ω,
where Ω is a smooth bounded domain in Rn, 3 ≤ n ≤ 6, p := n+2n−2 is the Sobolev critical
exponent, ε is a small positive parameter and the function β ∈ C2(Ω) is positive.
Since problem (℘ε) is subcritical, standard variational methods yields the existence of an infi-
nite number of sign changing solutions and at least one positive solution, see [2]. Unfortunately,
the variational approach gives very little information about the behaviour of these solutions.
A special case of problem (℘ε) is the following
(℘1ε)
 −∆u = |u|
p−1−εu in Ω,
u = 0 on ∂Ω.
This problem has been extensively studied in the last decades and many works has been devoted
to study existence and asymptotic behaviour of solutions. We refer to the pioneering work by
Bahri-Li-Rey in [3], where they proved that positive solutions to problem (℘1ε) either converge
to a positive solution of the critical problem (℘10) or blow up at a finite number of points in Ω
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as ε goes to zero. More precisely, if (uε) is a bounded sequence in H10 (Ω) of positive solutions
to (℘1ε), then (up to a subsequence) we have
uε = u0 +
k∑
i=1
αεiPUλεi ,ξ
ε
i
+ vε
where u0 is a nonnegative solution to (℘10), k ∈ N, vε goes to zero in H10 (Ω). Here either k = 0
or u0 = 0 and the function PUδ,ξ is the orthogonal projection onto H10 (Ω) of the "bubble" given
by
Uδ,ξ(x) := (n(n− 2))
n−2
4
λ
n−2
2
(δ2 + |x− ξ|2)n−22
,
with δ > 0 and ξ ∈ Rn. This family of functions represent all solutions to
−∆u = un+2n−2 in Rn, u ∈ D1,2(Rn), u > 0.
In the case where a positive solution concentrates at a single point, it was proved in [6, 13, 18]
that this concentration point must be a critical point of the Robin function:
x→ H(x, x),
where H(x, y) stands for the regular part of the Green function for the Laplacian in Ω with
Dirichlet boundary condition (see (5.1)). Results about multiplicity of positive solutions for
problem (℘1ε) with multiple blow up points have been also obtained, see [19] for instance.
The presence of the potential β in (℘ε) plays a crucial role for existence of positive solutions
with a large number of blow-up points. Indeed, it has been shown in [3] that problem (℘1ε)
does not admit positive solutions which concentrates at k points as ε goes to zero if k is large
enough. However, for problem (℘ε), Pistoia and Serra studied in [16] the particular case where
β(x) = |x|α, α > 0, and Ω is the unit ball B1, namely they considered the problem −∆u = |x|
α|u|p−1−εu in B1,
u = 0 on ∂B1.
They showed that, if ε is small enough, then the above problem has a positive solution which
concentrates and blow-up at ` points at the boundary ∂B1. Moreover, the solutions constructed
in [16] are invariant under the group of linear symmetries G1 × O(n− 2), where G1 ⊂ O(2) is
the group generated by the rotations of angle 2pi` . See also Peng [15] who constructed similar
solutions with more general symmetries. We also refer the reader to the papers [7, 8] and some
references therein, where asymptotic behaviour of the ground state solution (as ε tends to zero)
has been considered. Precisely, it has been proven that the ground state concentrates at a single
point which approaches the boundary when ε tends to zero.
In this paper, we prove the existence of new type of concentrating positive solutions to problem
(℘ε). Precisely, we show, under some suitable conditions on the function β, that (℘ε) has a
positive solutions whose asymptotic profile is a sum of k bubbles that concentrates and blow up
at a single point at the boundary. It is worthmentioning that for k = 1, our results work for
any dimension n ≥ 3 and this can be seen in particular as a generalisation the main results in
[15, 16], to the problem (℘ε) for general domains, see Corollary 1.1 below. For k ≥ 2, our results
here are valid for dimensions 3 ≤ n ≤ 6. This restriction on the dimension is technical and we
believe that with more accurate analysis they can be generalised to any dimension n ≥ 3.
For x ∈ ∂Ω let η(x) be the unitary inner normal vector to ∂Ω at x. The following condition
on β will be assumed throughout the paper: there exists a non degenerate critical point ξ∗ ∈ ∂Ω
of the restriction of β to the boundary ∂Ω such that
∇(β(ξ∗)−
2
p−1 ) · η(ξ∗) > 0.
This assumption can be rewritten as
(1.1) there is λ > 0 such that ∇(β(ξ∗)−
2
p−1 ) = λη(ξ∗).
Before stating our main results we introduce some notations and definitions.
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We will first prove the following multiplicity result.
Theorem 1.1. Assume that condition (1.1) holds true, that that D2(β−
2
p−1
∣∣
∂Ω)(ξ∗) is negative
definite and 3 ≤ n ≤ 6. Then, for every k ∈ N there exists ε0 positive such that if ε ∈ (0, ε0)
problem (℘ε) has a positive solution uε of the form
uε =
k∑
i
β(ξε,i)−
1
p−1Uδε,i,ξε,i + o(1) in D1,2(Ω),
where
ξε,i = ξ0ε,i + τε,iη(ξ0ε,i), with ξ0ε,i := ξ∗ + ε
n+1
n+2 vi + o(ε
n+1
n+2 vi), vi ∈ Tξ∗∂Ω
and (up to a subsequence)
ε−
n−1
n−2 δε,i → di > 0, ε−1τε,i → ti > 0 and ε−
n+1
n+2 |ξε,i − ξε,j | → |vi − vj | > 0,
for all i, j = 1, . . . , k.
As a consequence of the above theorem, we have
Corollary 1.1. Assume 3 ≤ n ≤ 6. Suppose that ξ1∗ , . . . , ξ`∗ are non degenerate critical points
of the restriction of β to the boundary ∂Ω such that
∇(β(ξj∗)−
1
p−1 ) · η(ξj∗) > 0, and D2(β−
2
p−1
∣∣
∂Ω)(ξ
j
∗) are negative definite ∀ j = 1, . . . , `.
Then, for ε sufficiently small, problem (℘ε) has a positive solution uε of the form
uε =
∑`
j=1
k∑
i=1
β(ξjε,i)
− 1
p−1U
δε,i,ξ
j
ε,i
+ o(1) in D1,2(Ω),
where ξjε,i → ξj∗ (up to a subsequence) for each i = 1, . . . , k and j = 1, . . . , `.
Remark 1.2. In the previous corollary, if we restrict k = 1 (simple concentration at each ξj∗)
the result is true for any n ≥ 3, see Subsection 3.2 below for details.
Although we stated the result requiring β positive, it is necessary to assume it is positive near
the concentration points.
The phenomenon of multiple concentration near a point of the boundary found in Theorem 1.1
is similar to the multiplicity result of Wei and Yan [20] for a critical Lazer-McKenna conjecture
in dimensions n ≥ 6, and to the paper by del Pino, Musso and Pistoia [12] where bubble tower
solutions to a Neumann Lin-Ni-Takagi problem has been constructed in both slightly subcritical
and slightly supercritical regimes.
The second purpose of this paper is to study existence and properties of sing-changing so-
lutions for problem (℘ε). If we consider the problem (℘1ε), then multiple peak nodal solutions
always exits. Indeed Bartsch, Micheletti and Pistoia [5] built a solution with exactly one pos-
itive and one negative concentration point. In addition, under symmetry assumptions on Ω, a
solution to (℘1ε) with exactly two positive and two negative blow-up points was constructed in
[4].
Bubble-tower solutions to problem (℘1ε) have been constructed in [14, 17]. The shape of these
solutions is a superpositions of positive bubbles and negative bubbles blowing up at a single
point with different velocities.
Our second result show that condition (1.1) guarantees the existence of a solution to problem
(℘ε) with one positive and one negative concentration points, which blow up at a the single
point ξ∗ at the boundary. More precisely we have the next result.
Theorem 1.3. Assume that condition (1.1) holds true, that D2(β−
2
p−1
∣∣
∂Ω)(ξ∗) is positive definite
and 3 ≤ n ≤ 6. Then, there exists ε0 > 0 such that if ε ∈ (0, ε0) then problem (℘ε) has a sign
changing solution uε of the form
uε = β(ξε,1)−
1
p−1Uδε,1,ξε,1 − β(ξε,2)−
1
p−1Uδε,2,ξε,2 + o(1) in D1,2(Ω)
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where
ξε,i = ξ0ε,i + τε,iη(ξ0ε,i), ξ0ε,i ∈ ∂Ω, ξ0ε,i → ξ∗,
and (up to a subsequence)
ε−
n−1
n−2 δε,i → di > 0, ε−1τi → ti > 0, ε−
n+1
n+2 |ξε,1 − ξε,2| → |v1 − v2| > 0
for i = 1, 2.
Theorems 1.1 and 1.3 are related to a paper by Ackermann, Clapp and Pistoia, see [1]. They
studied a supercritical problem which can be reduced, using rotational symmetries, to a problem
similar to (℘ε) given by
(1.2)
 −div(β(x)∇u) = β(x)|u|
p−1−εu in Ω,
u = 0 on ∂Ω.
They proved, under a similar condition to (1.1), that problem (1.2) has a solution which has the
shape of one bubble and concentrate and blow up at one point at the boundary.
The arguments used in this paper for the problem (℘ε) can be adapted to prove the analogous
results for problem (1.2). This leads to the construction of new types of solutions for some
supercritical problems.
Some results here are valid for dimensions 3 ≤ n ≤ 6. This is related to the fact that we need
the size of the error term to be controlled in some appropriate norms by o(ε
2(n+1)
(n+2) ) which follows
by Lemma 2.1 for 3 ≤ n ≤ 6. We believe that our result can be extended to higher dimensions
by adding further improvement to the approximate solution constructed in Section 2.1.
The paper is organized as follows: We first recall in Section 2 some preliminary results.
Section 3 will be mainly devoted to the proofs of our main results. In these proofs we will need
some asymptotic expansions of the reduced energy functional, which is developed in Section 4.
Finally, in Section 5 we give some boundary estimates for the Green’s function.
2. Preliminaries
Let us first introduce the function
Uδ,ξ(x) := a0
δ
n−2
2
(δ2 + |x− ξ|2)n−22
, a0 := (n(n− 2))
n−2
4 , δ > 0
which corresponds up to translations and dilations to the standard bubble, namely, the unique
positive solution to the problem  −∆U = U
p in Rn,
U ∈ D1,2(Rn),
where n ≥ 3 and p = n+2n−2 . We next define the function
Wδ,ξ := β(ξ)−
1
p−1Uδ,ξ.
It is easy to see that Wδ,ξ is a solution of the equation
−∆W (x) = β(ξ)W p(x) in Rn.
Let us consider the orthogonal projection
P : D1,2(Rn)→ H10 (Ω)
defined by : givenW ∈ D1,2(Rn), we let PW to be defined as the unique solution to the problem
−∆ (PW ) = −∆W in Ω, PW = 0 on ∂Ω.
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Next we describe the solutions that we are looking for with multiple concentration on a single
point on the boundary (k ≥ 2). For simple concentration (k=1) see Subsection 3.2 for more
details. In Theorems 1.1 and 1.3 we found solutions of the form
(2.1) uε =
k∑
i
(−1)λiβ(ξi,ε)−
1
p−1PUδi,ε,ξi,ε + φ,
for fixed λi ∈ {0, 1}. For i = 1, . . . , k, the dilation parameters δi,ε will be chosen of the form
(2.2) δi,ε = ε
n−1
n−2di for some di > 0,
and the concentration points satisfy
ξi,ε = ξ0i,ε + τi,εη(ξ0i,ε), ξ0i,ε ∈ ∂Ω,
where τi,ε = εti for some ti > 0 and ξ0i,ε is given by
(2.3) ξ0i,ε = ξ∗ + ρvi + η(ξ∗)g(ρvi),
with
(2.4) vi ∈ Tξ∗∂Ω :=
{
v ∈ Rn : η(ξ∗) · v = 0
}
,
with ρ = ε
n+1
n+2 and g : Tξ∗∂Ω→ R is a function which satisfies
g(0) = 0 and ∇g(0) = 0.
Here Tξ∗∂Ω stands for the tangent space of ∂Ω at the point ξ∗.
The function φ in (2.1) is small in a sense to be determined later and is to be found using a
classical fixed point argument.
We will next introduce the configuration space where the dilation parameters and the con-
centration points lie. We set d = (d1, . . . , dk), t = (t1, . . . , tk) and v = (v1, . . . , vk), then the
configuration space is given by
Λ :=
{
(d,t,v) ∈ (0,∞)k × (0,∞)k × (Tξ∗∂Ω)k : vi 6= vj for i, j = 1, . . . , k, i 6= j
}
.
For simplicity we will write
(2.5) V εd,t,v :=
∑
i
(−1)λibiPUi,
where we have set bi := β(ξi)−
1
p−1 and Ui := Uδi,ξi .
2.1. Lyapunov-Schmidt reduction procedure. In this subsection we will recall the main
ideas about the Lyapunov-Schmidt reduction procedure which is a crucial step to find solutions
of the form (2.1).
The first step to construct solutions to problem (℘ε), we need to solve some auxiliary problem.
Given (d, t,v) ∈ Λ, we consider the spaces
Kεd,t,v = span
{
P
(
∂Uδi,ξi
∂ξji
)
, P
(
∂Uδi,ξi
∂δi
)
: i = 1, . . . , k, j = 1, . . . , n
}
Kε,⊥d,t,v =
{
φ ∈ H10 (Ω) :
∫
Ω
∇φ · ∇ψ = 0 ∀ψ ∈ Kεd,t,v
}
.
The following result hold.
Lemma 2.1. Assume that for some τ > 0 and a fixed constant C¯, τ/C¯ ≤ τi,ε ≤ C¯τ . Then there
exist ε0 > 0 and a constant C > 0 such that for all ε ∈ (0, ε0) and all (d,t,v) ∈ Λ there exists a
unique φεd,t,v ∈ Kε,⊥d,t,v which satisfies
(2.6) ∆(V εd,t,v + φεd,t,v) + β(x)
∣∣V εd,t,v + φεd,t,v∣∣p−1−ε (V εd,t,v + φεd,t,v) ∈ Kεd,t,v
and
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(2.7)
‖φεd,t,v‖ :=
(∫
Ω
|∇φεd,t,v|2
) 1
2
=

O
(
ε| log ε|+ τ + ( δτ )
n+2
2
)
for n ≥ 7
O
(
ε| log ε|+ τ + ( δτ )4 log
2
3 ( δτ )
)
for n = 6
O
(
ε| log ε|+ τ + ( δτ )n−2
)
for n = 3, 4 and 5,
where δ = max δi. Moreover the map Λ → H10 (Ω), defined by (d, t,v) 7→ φε(d,t,v) is of class C1
and
(2.8) ‖∇(d,t) φεd,t,v‖ = O(‖φεd,t,v‖).
Proof. The proof of existence and estimate (2.7) can be found in [16], see Proposition 2 there.
To prove estimate (2.8), we use the fact that the solution φεd,t,v of (2.6) is found by a fixed point
argument. It satisfies an equation of the form
(2.9) φεd,t,v = Aεd,t,v(E +N(φεd,t,v))
where Aεd,t,v : Kε,⊥d,t,v → Kε,⊥d,t,v is given by
Aεd,t,v(·) = Π⊥d,t,v i∗(·),
E = −∆V εd,t,v − β|V εd,t,v|p−1−ε(V εd,t,v)
and
N(φ) = β
(
|V εd,t,v + φ|p−1−ε(V εd,t,v + φ)− |V εd,t,v|p−1−ε(V εd,t,v)− p|V εd,t,v + φ|p−1−εφ
)
In the above Π⊥d,t,v is the orthogonal projection on Kd,t,v and i∗ : L
2n
n−2 (Ω) → H10 (Ω) is the
adjunct of the standard immersion operator i : H10 (Ω) ↪→ L
2n
n−2 (Ω). Differentiating (2.9) with
respect to the parameters t, we formally get
∂tφ
ε
d,t,v = (∂tAεd,t,v)(E +N(φεd,t,v)) +Aεd,t,v
(
∂tE + ∂tN(φεd,t,v)
)
.
There is a similar formula for the derivative with respect to d. Reasoning as in the proof of
Lemma 4.1 in [11] and using similar arguments as in the proof of estimate (2.7), one gets
(2.10) ‖∇d,tφεd,t,v‖ = O(‖φεd,t,v‖).

Now, let Jε : H10 (Ω)→ R be the energy functional associated to problem (℘ε):
Jε(u) :=
1
2
∫
Ω
|∇u|2 − 1
p+ 1− ε
∫
Ω
β(x)|u|p+1−ε
Solutions to problem (℘ε) can be found as critical points of the functional Jε. We introduce
the reduced energy functional Iε : Λ −→ R defined by
(2.11) Iε(d,t,v) = Jε(V εd,t,v + φεd,t,v).
The next lemma, which is a consequence of Lemma 2.1, reduces the existence of solutions to
problem (℘ε) to the one of finding critical points of the reduced energy functional Iε.
Lemma 2.2. The element (d,t,v) ∈ Λ is a critical point of Iε if and only if the function
uε = V εd,t,v + φεd,t,v is a critical point of the functional Jε.
Proof. The proof is similar to the one of Proposition 1 in [3]. We omit it here. 
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3. Proof of the main theorems.
In this section we prove our main results. We will treat the case of multiple concentration on
a single point on the boundary, namely when k ≥ 2. For the case of simple concentration (k=1)
the proof is easier and is done in Subsection 3.2. Using Lemma 2.2, the proof of Theorems 1.1
and 1.3 is then reduced to finding critical points of the reduced functional Iε defined in (2.11).
To do so we will need the asymptotic expansion of the reduced energy whose proof is given in
the next section. Let r = − 2p−1 and define the function
(3.1) Γ(ξ∗, v) := D2(βr
∣∣
∂Ω)(ξ∗)[v, v].
Since the function g satisfies
g(0) = 0 and ∇g(0) = 0
it is easy to see that
Γ(ξ∗, v) = ∇(β(ξ∗)r) · η(ξ∗)(D2g(ξ∗)v · v) +D2(β(ξ∗)r)v · v.
The next lemma will be proved in Section 4.
Lemma 3.1. The functional Iε : Λ→ R has the following asymptotic expansion
(3.2) Iε(d, t,v) = c1β(ξ∗)r + εψ0(ξ∗) + εψ1(d, t) + ρ2ψ2(d, t,v)+ψ3(d, t,v) + o(2)
C1-uniformly on compact sets of Λ. Here ci are positive constants and the function ψj’s are
respectively given by
ψ0(ξ∗) :=
1
p+ 1
(
kγ1β(ξ∗)r log(β(ξ0∗)
r
2 )− kγ1β(ξ∗)rn− 12 log(ε) + kβ(ξ∗)
r
∫
Rn
U1,0 log(U1,0)
)
− γ1(p+ 1)2kβ(ξ∗)
r,
ψ1(d, t) =
∑
j
c2
(
dj
tj
)n−2
+ c3∇(β(ξ∗)r) · η(ξ∗)tj − c4 log(dj) +O(ε
2
n−2 )R(d, t),(3.3)
where R is a bounded smooth function on its arguments which does not depend on the variables
(v1, . . . , vk),
ψ2(d, t,v) = −c5
∑
i>j
(−1)λi(−1)λjβ(ξ∗)r
d
n−2
2
i d
n−2
2
j titj
|vi − vj |n +
∑
j
Γ(ξ∗, vj)(3.4)
and where ψ3 satisfies
ψ3(d, t,v) =

O
(
2 | log ε| 43
)
for n = 6
O
(
ε2| log ε|2
)
for n = 3, 4 and 5.
Moreover for d, t,v ∈ Λ
(3.5)
∣∣∇(d,t)ψi(d, t,v)∣∣ = O(ψi(d, t,v)) i = 1, 2, 3.
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3.1. Proof of Theorems 1.1 and 1.3. To prove our main results Theorems 1.1 and 1.3, we
need to show that the functional Iε has a critical point. Using that ∇(β(ξ∗)r) · η(ξ∗) > 0, see
(1.1), it is not hard to prove that the function ψ1 defined in (3.3) has a critical point (d0, t0)
which is a strict minimum , and therefore is and stable. Since,
(3.6) Iε(d, t,v)− c1β(ξ∗)r − εψ0(ξ∗)− εψ1(d, t) = O(ρ2)
then, for every fixed v = (v1, . . . , vk) such that
|vj | ≤ C and |vi − vj | ≥ 1
C
, i, j = 1, · · · k, i 6= j,
there exists (d(v), t(v)) such that ∇(d,t)Iε(d(,v), t(,v),v) = 0. Moreover, we have
ε∇(d,t)ψ1(d(v), t(v)) = εD2(d,t)ψ1(d0, t0) · ((d0, t0)− (d(v), t(v))) +O(ε(|(d(v), t(v))− (d0, t0)|2))
= −ρ2∇(d,t)ψ2(d(v), t(v),v)−∇(d,t)(ψ3(d(v), t(v),v) + o(2)).
Now, using (3.5), one can get that
(3.7) |(d0, t0)− (d(v), t(v))| = O(ρ
2

).
On the other hand, if we consider the function
Q(v) := Iε(dε(v), tε(v),v),
then since (d0, t0) is a critical point of ψ1, a Taylor expansion yields
Q(v) = c1β(ξ∗)r + εψ0(ξ∗) + εψ1(d(v), t(v)) + ρ2ψ2(d(v), t(v),v) + ψ3(d(v), t(v),v) + o(2)
= c1β(ξ∗)r + εψ0(ξ∗) + ε
(
ψ1(d0, t0) +D2d,tψ1(d0, t0) ·
(
(d0, t0)− (d(v), t(v))
)2)
+ ρ2ψ2(d(v), t(v),v) + o(ρ2)
= c1β(ξ∗)r + εψ0(ξ∗) + εψ1(d0, t0) + ρ2ψ2(d(v), t(v),v) + o(ρ2).
In order to prove Theorem 1.1 we will take λi = 0 for all i = 1 . . . , k, then the main term in the
right hand side in the above identity becomes
ρ2
(
−
∑
i>j
β(ξ∗)r(di(v)dj(v))
n−2
2 ti(v)tj(v)
|vi − vj |n +
∑
j
Γ(ξ∗, vj)
)
.
Then, assuming Γ(ξ∗, vi) negative definite and using (3.7), the function Q(v) has a global max-
imum. This concludes the proof of Theorem 1.1.
Finally, to prove Theorem 1.3, we take k = 2, λ1 = 0 and λ2 = 1. Then, ρ2ψ2(d(v), t(v),v)
becomes
ρ2ψ2(d(v), t(v),v) =
β(ξ∗)r(di(v)dj(v))
n−2
2 ti(v)tj(v)
|v1 − v2|n +
2∑
i=1
Γ(ξ∗, vi).
Then, assuming now that Γ(ξ∗, vi) is positive definite and using once again (3.7), the function
Q(v) has a critical point v0 and Theorem 1.3 follows at once.
3.2. Simple concentration at the boundary. Looking for solutions to problem (℘) with
simple concentration at the boundary is considerably less technical than multiple concentration.
The procedure is very similar to the one of the proof of Theorem 1.3 in [1], we sketch the main
ideas here.
Let us consider the function
(3.8) W εd,t,ξ0 = β(ξ)
− 1
p−1PUδ,ξ,
where the dilation parameter δ will be chosen of the form
(3.9) δ = ε
n−1
n−2d for some d > 0,
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and the concentration points satisfy
ξ = ξ0 + τη(ξ0), ξ0 ∈ ∂Ω,
with τ = εt for some t > 0.
The configuration space where the dilation parameters and the concentration points lie is
given by
Λ2 :=
{
(d, t, ξ0) ∈ (0,∞)× (0,∞)× ∂Ω
}
.
Similarly to Lemma 2.1 we can show that if ε small enough, then for any (d, t, ξ0) ∈ Λ2 there
exists φε(d,t,ξ0) which chairs similar properties than the ones in (2.6) and (2.7).
As before, the reduced energy functional I2ε : Λ2 −→ R is defined by
(3.10) Iε(d, t, ξ0) = Jε(W εd,t,ξ0 + φεd,t,ξ0).
It holds true that a parameter (d, t, ξ0) ∈ Λ2 is a critical point of the functional I2ε if and
only if the function W εd,t,ξ0 + φεd,t,ξ0 is a solution to problem (℘).
Next we show the asymptotic expansion for the reduced energy functional I2ε in terms of the
parameters (d, t, ξ0). A straightforward computations and the result in Lemma 2.1 show that
Jε(W εd,t,ξ0 + φεd,t,ξ0) = Jε(W εd,t,ξ0) + o()
for every n ≥ 3.
In addition, taking k = 1 in Lemma 4.1, it is easy to see that
I2ε (d, t, ξ0) = Jε(W εd,t,ξ0) + o()
= c1β(ξ0)r + 
(
c2
(
d
t
)n−2
+ c3∇(β(ξ∗)r) · η(ξ∗)tj − c4 log(dj)
)
+ o().
Now, using that there exists a non degenerate critical point ξ∗ ∈ ∂Ω of the restriction of β to
the boundary ∂Ω such that
∇(β(ξ∗)−
1
p−1 ) · η(ξ∗) > 0.
one can show, as in the proof of Theorem 1.3 in [1], that I2ε has a critical point. This conclude
the proof.
4. Estimates on the energy
4.1. Proof of Lemma 3.1. The objective of this section is to give a proof of Lemma 3.1. This
lemma gives a asymptotic expansion of the reduced energy functional Iε : Λ→ R defined by
I(d, t,v) = Jε(V εd,t,v + φεd,t,v)
in terms of the parameters (d, t,v). Recall that for (d, t,v) ∈ Λ we write
V ε(d,t,v) :=
∑
i
(−1)λibiPUi,
where bi := β(ξi)−
1
p−1 and Ui := Uδi,ξi . Here
ξi = ξ0i + τiη(ξ0i ) = ξ∗ + ρvi + η(ξ∗)g(ρvi) + τiη(ξ0i ),
where δi = diε
n−1
n−2 , τi = tiε,
vi ∈ Tξ∗∂Ω := {v ∈ Rn : η(ξ∗) · v = 0},
ρ = ε
n+1
n+2 and g : Tξ∗∂Ω→ R satisfies that
g(0) = 0 and ∇g(0) = 0.
Notice that since ξ∗ is a critical point of β restricted to the boundary then
∇β(ξ∗) · v = 0 for all v ∈ Tξ∗∂Ω.
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Note also that, for r := − 2p−1 , we can write
(4.1) β(ξi)r = β(ξ∗)r + ε∇(β(ξ∗)r) · η(ξ∗)ti + ρ2Γ(ξ∗, vi) + o(2),
where Γ(ξ∗, vi) is defined in (3.1). Indeed, if we use a Taylor expansion
β(ξi)r = β(ξ∗ + ρvi + η(ξ∗)g(ρvi) + τiη(ξ0i ))r
= β(ξ∗)r +∇(β(ξ∗)r) · (ρvi + η(ξ∗)g(ρvi) + τiη(ξ0i ))
+ D2(β(ξ∗)r) · (ρvi + η(ξ∗)g(ρvi) + τiη(ξ0i ))2 + o(2)
= β(ξ∗)r + ε∇(β(ξ∗)r) · η(ξ0i )ti
+ ρ2
(
∇(β(ξ∗)r) · η(ξ∗)(D2g(ξ∗)vi · vi) +D2(β(ξr∗))vi · vi
)
+ o(2)
= β(ξ∗)r + ε∇(β(ξ∗)r) · η(ξ∗)ti + ρ2Γ(ξ∗, vi) + o(2),
because
η(ξ0i ) = η(ξ∗) +O, where |O| = O(ρ).
We will denote
γ1 =
∫
Rn
Up+11,0 , γ2 =
∫
Rn
Up1,0 and γ3 =
∫
Rn
Up+11,0 log(U1,0)
Equation (4.1) will be use to compute the following expansions.
Lemma 4.1. We have the following expansions
1
2
∫
Ω
|∇V εd,t,v|2 =
γ1
2 kβ(ξ∗)
r
+ε
(
γ1
2 ∇(β(ξ∗)
r) · η(ξ∗)
k∑
i
ti − β(ξ∗)r cnγ22
k∑
i
(
di
ti
)n−2)
+O(ε
n
n−2 )R1(d, t)
+ρ2
γ12
k∑
i
Γ(ξ∗, vi) + γ2β(ξ∗)r
k∑
i>j
(−1)λi(−1)λj d
n−2
2
i d
n−2
2
j titj
|vi − vj |n

+o(2)
(4.2)
1
p+ 1
∫
Ω
β(x)|V εd,t,v|p+1 =
γ1
p+ 1kβ(ξ∗)
r
+ ε
(
γ1
p+ 1∇(β(ξ∗)
r) · η(ξ∗)
k∑
i
ti − β(ξ∗)rcnγ2
k∑
i
(
di
ti
)n−2)
+O(ε
n
n−2 )R2(d, t)(4.3)
+ ρ2
 γ1
p+ 1
k∑
i
Γ(ξ∗, vi) + 2γ2β(ξ∗)r
k∑
i>j
(−1)λi(−1)λj d
n−2
2
i d
n−2
2
j titj
|vi − vj |n

+ o(2)
and
ε
p+ 1
∫
Bj
β(x)|V εd,t,v|p+1 log(V εd,t,v) = −
ε
p+ 1(
n− 2
2 )β(ξ∗)
rγ1
k∑
i=1
log(di) +
ε
p+ 1kβ(ξ∗)γ1 log(β(ξ∗)
r
2 )
− ε
p+ 1(
n− 1
2 )kβ(ξ∗)γ1 log(ε) +
ε
p+ 1kβ(ξ∗)
rγ3 + o(2),
(4.4)
where Γ(ξ∗, vi) is defined in (3.1) and R`’s are bounded smooth functions on their arguments
which does not depend on the variables (v1, . . . , vk).
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Proof. We write
PUi(x) = Ui(x)− δ
n−2
2
i H(x, ξi) + Π(x, ξi).
Lemma 5.2 shows that function Π(x, ξi) satisfies
Π(ξi, ξi) = c
δ
n+2
2
i
εn
(
γ1,1(
dist(ξi, ∂Ω)
ε
) +O(ε)
)
,
= cδ
n+2
2
i
εn
(
R(ti) +O(ε)
)
,
(4.5)
here the function R is smooth on its parameters and does not depend on (v1, . . . , vk).
We subdivide the proof into three steps.
Step 1: Expansion of the term
∫
Ω
|∇V εd,t,s|2.
We write
(4.6) 12
∫
Ω
|∇V εd,t,s|2 =
1
2
k∑
i=1
∫
Ω
|∇biPUi|2 +
∑
i>j
(−1)λi(−1)λjbibj
∫
Ω
∇PUi · ∇PUj .
Let ∫
Ω
|∇biPUi|2 = b2i
∫
Ω
Upi PUi
= b2i
∫
Ω
Up+1i − b2i
∫
Ω
Upi δ
n−2
2
i H(x, ξ) +
∫
Ω
Upi Π(x, ξi)
= A1,i +A2,i +A3,i.
Using equation (4.1), we have the estimate
A1,i = b2i
∫
Ω
Up+1i = b2i
∫
Ω−ξi
δi
Up+11,0
= b2i γ1(1 +O(δn))
= γ1β(ξ∗)r + εγ1∇(β(ξ∗)r) · η(ξ∗)ti + ρ2Γ(ξ∗, vi) + o(2).
(4.7)
On the other hand, using Lemma 5.1 and equation (4.1), we have
A2,i = −b2iαn
∫
Ω
Upi δ
n−2
2
i H(x, ξi) =− b2i δn−2i
∫
Ω−ξi
δi
Up1,0αnH(δiy + ξi, ξi)
=− b2i δn−2i H(ξi, ξi)γ2(1 +O(δ2))
=− γ2b2i δn−2i
cn
|2τi|n−2 (1 +O(τi))
=− γ2
(
δi
τi
)n−2
β(ξi)r(cn +O(τi))
=− εcnγ2
(
di
ti
)n−2
β(ξ∗)r +O(2).
(4.8)
Moreover, using equation (4.5), we get
A3,i =
∫
Ω
Upi Π(x, ξi) =
∫
Ω−ξi
δi
δ
n−2
2
i U
p
1,0Π(δiy + ξi, ξi)
=δ
n−2
2
i Π(ξi, ξi)
∫
Rn
Up1,0(1 + o(1))
=cδ
n−2
2
i
δ
n+2
2
i
εn
(R(ti) +O(ε))
=ε
n
n−2R(t, d) + o(2)
(4.9)
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here the function R(t, d) does not depend on the variable (v1, . . . , vk). Using equations (4.7),
(4.8) and (4.9) we have
1
2
∫
Ω
|∇biPUi|2 = γ12 β(ξ∗)
r + ε
(
γ1
2 (∇β(ξ∗)
r) · η(ξ∗)ti − cnγ22
(
di
ti
)n−2
β(ξ∗)r
)
+O(ε
n
n−2 )R(d, t)
+ ρ
2
2 Γ(ξ∗, vi) +O(
2).
(4.10)
We continue with the expansion of second term in equation (4.6):
bibj
∫
Ω
∇PUi · ∇PUj = bibj
∫
Ω
Upi PUj
=bibj
∫
Ω
Upi (Uj − δ
n−2
2
n H(x, ξj) + Π(x, ξj))
=bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0(
a0
(δ2j + |δiy + ξi − ξj |2)
n−2
2
−H(δiy + ξi, ξj)) + bibjδ
n−2
2
i
∫
Ω−ξi
δi
Upi Π(δiy + ξi, ξj)
=bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0(
a0
|ξi − ξj |n−2 −H(ξi, ξj)) + bibjδ
n−2
2
i
∫
Ω−ξi
δi
Π(δiy + ξi, ξj)γ2
+bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0(
a0
(δ2j + |δiy + ξi − ξj |2)
n−2
2
− a0|ξi − ξj |n−2 + αnH(ξi, ξj)− αnH(δiy + ξi, ξj))
=ρ2a0β(ξ∗)r
d
n−2
2
i d
n−2
2
j titj
|vi − vj |n +O(ρ
2 δ
2
ε2
) +O
(
ε
n
n−2
)R(t, d) + o(2),
(4.11)
the last equality is due to the following computations
bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0(
a0
|ξi − ξj |n−2 −H(ξi, ξj))
= bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0a0(
1
|ξi − ξj |n−2 −
1
|ξi − ξ˜j |n−2
)
= bibjδ
n−2
2
i δ
n−2
2
j
cn
|ξ0i − ξ0j |n−2
(
(n− 2) 2τiτj|ξ0i − ξ0j |2
+O (max{τi, τj}))
)
= β(ξi)
r
2β(ξi)
r
2 cn
ρ2
 d
n−2
2
i d
n−2
2
j titj
|(vi − vj) + ρe∗((Avi, vi)− (Avj , vj))|n
+ o(ρ2)

= ρ2β(ξ∗)rcn
d
n−2
2
i d
n−2
2
j titj
|vi − vj |n +o(
2),
and
bibja0(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0(
1
(δ2j + |δiy + ξi − ξj |2)
n−2
2
− 1|ξi − ξj |n−2 )
= bibja0(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0O
(
|ξi − ξj |−n(|δiy|2 + (ξi − ξj) · (δiy))
)
= O((δiδj)
n−2
2 ρ−n(δ2 + ρδ)) = o(2)
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and finally
bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
αnU
p
1,0(H(ξi, ξj)−H(δiy + ξi, ξj))
= bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0O(
1
|ξi − ξ˜j |n−2
− 1|δiy + ξi − ξ˜j |n−2
)
= bibj(δiδj)
n−2
2
∫
Ω−ξi
δi
Up1,0O
(
|ξi − ξ˜j |−n(|δiy|2 + (ξi − ξj) · (δiy))
)
= o(2).
The proof of equation (4.2) follows from equations (4.10) and (4.11).
Step 2: Expansion of the term
∫
Ω
β(x)|V εd,t,v|p+1.
We set r1 > 0 is given by r1 := 12 min{dist(ξi, ∂Ω) : i = 1, . . . , k}. Note that r1 = τi0 for some
i0 ∈ {1, . . . , k}. We define the sets Bi := B(ξi, r1) for i = 1, . . . , k − 1 and Bk := Ω \ ∪k−1i=1Bi.
Hence
1
p+ 1
∫
Ω
β(x)|V εd,t,v|p+1 =
1
p+ 1
k∑
i=1
∫
Bi
β(x)|V εd,t,v|p+1.
On each Bj we get
1
p+ 1
∫
Bj
β(x)|V εd,t,v|p+1 =
1
p+ 1
∫
Bj
β(x)|(−1)λjbjPUj +
∑
i 6=j
(−1)λibiPUi|p+1
= 1
p+ 1
∫
Bj
β(x)|bjPUj |p+1 +
∫
Bj
β(x)|bjPUj |p−1((−1)λjbjPUj)(
∑
i 6=j
(−1)λibiPUi)
+ O(
∫
Bj
PUp−1j PU
2
i )
= C1,j + C2,j + o(2).
Similar computations to the ones that we made in step 1 lead us to
C1,j =
1
p+ 1
∫
Bj
β(x)|bjPUj |p+1 =
bp+1j
p+ 1
∫
Bj
β(x)|Uj − δ
n−2
2
j H(x, ξj) + Π(x, ξj)|p+1
=
bp+1j
p+ 1
∫
Bj
β(x)Up+1j − bp+1j
∫
Bj
β(x)Upj δ
n−2
2
j H(x, ξj) + b
p+1
j
∫
Bj
β(x)Upj Π(x, ξj)
+O
(∫
Bj
Up−1j
(
δ
n−2
2
j H(x, ξj) + Π(x, ξj)
)2)
=
bp+1j
p+ 1
∫
Bj−ξj
δj
β(δjy + ξj)Up+11,0 − bp+1j
∫
Bj−ξj
δj
β(δjy + ξj)Up1,0δn−2j H(δjy + ξj , ξj)
+O
(
ε
n
n−2
)R(d, t) + o(2)
=
bp+1j
p+ 1(β(ξj)γ1 +
δni
τn
R(t, d))− bp+1j β(ξj)δn−2j H(ξj , ξj)(γ2 +
δ2j
ε2
R(t, d)) +O(ε nn−2 )R(d, t) + o(2)
=
b2j
p+ 1(γ1 +
δni
τn
R(t, d))− εcnγ2
(
di
ti
)n−2
β(ξ∗)r +O
(
ε
n
n−2
)R(d, t) + o(2)
=β(ξ∗)
r
p+ 1 γ1 +
1
p+ 1εγ1∇(β(ξ∗)
r) · η(ξ∗)ti − εcnγ2
(
di
ti
)n−2
β(ξ∗)r
+O
(
ε
n
n−2
)R(d, t) + ρ2
p+ 1γ1Γ(ξ∗, vi) + o(
2).
(4.12)
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Also
C2,j =
∫
Bj
β(x)|bjPUj |p−1((−1)λjbjPUj)(
∑
i 6=j
(−1)λibiPUi)
=
∑
i 6=j
(−1)λi(−1)λjbpjbi
∫
Bj
β(x)
(
Uj − δ
n−2
2
j H(x, ξj) + Π(x, ξj)
)p
PUi
=
∑
i 6=j
(−1)λi(−1)λjbpjbi
∫
Bj
β(x)Upj PUi
−p
∑
i 6=j
(−1)λi(−1)λjbpjbi
∫
Bj
β(x)Up−1j PUi
(
δ
n−2
2
j H(x, ξj) + Π(x, ξj)
)
=ρ2a0β(ξ∗)r
∑
i 6=j
(−1)λi(−1)λj d
n−2
2
i d
n−2
2
j titj
|vi − vj |n +O
(
ε
n
n−2
)R(d, t) + o(2)
(4.13)
because
bpjbi
∫
Bj
β(x)Upj PUi = bjbi(δiδj)
n−2
2 G(ξi, ξj)(γ2 + o(1)) + bibjδ
n−2
2
j
∫
Ω−ξi
δi
Up1,0Π(δiy + ξi, ξj)
= ρ2a0β(ξ∗)r
d
n−2
2
i d
n−2
2
j titj
|vi − vj |n +O
(
ε
n
n−2
)R(d, t) + o(2)
and
∫
Bj
β(x)Up−1j PUi
(
αnδ
n−2
2
j H(x, ξj) +O
(
δ
n+2
2
j
τnj
))
= δn−2j (δiδj)
n−2
2
∫
Bj−ξj
δj
β(δjy + ξj)Up−11,0
αnH(δjy + ξj , ξj) +O
(
δ2j
τnj
)
(δ2i + |δjy + ξj − ξi|2)
n−2
2
= o(2).
The proof of (4.3) follows from equations (4.12) and (4.13).
Step 3: Expansion of the term
∫
Ω
β(x)|V εd,t,v|p+1 log(V εd,t,v).
We continue with the estimation of equation (4.4), to do this we write
ε
p+ 1
∫
Ω
β(x)|V εd,t,v|p+1 log(V εd,t,v) =
ε
p+ 1
∑
j
∫
Bj
β(x)|V εd,t,v|p+1 log(V εd,t,v).
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Working on the set Bj , we have
ε
p+ 1
∫
Bj
β(x)|V εd,t,v|p+1 log(V εd,t,v)
= ε
p+ 1
∫
Bj
β(x)|
∑
i
biPUi|p+1 log(
∑
i 6=j
biPUi + bjPUj)
= ε
p+ 1
∫
Bj
β(x)|
∑
i
biPUi|p+1 log
(
bjPUj
(
1 +
∑
i 6=j biPUi
bjPUj
))
= ε
p+ 1
∫
Bj
β(x)|
∑
i 6=j
biPUi + bjPUj |p+1
(
log(bjPUj) + log
(
1 +
∑
i 6=j biPUi
bjPUj
))
= ε
p+ 1
∫
Bj
β(x)
(p+ 1)∑
i 6=j
biPUi (bjPUj)p + (bjPUj)p+1
(log(bjPUj) + ∑i 6=j biPUi
bjPUj
)
+O
(∫
Bj
(
∑
i 6=j
biPUi)2 (bjPUj)p−1
(
log(bjPUj) +
∑
i 6=j biPUi
bjPUj
))
= Z1,j + Z2,j + Z3,j + Z4,j + o(2)
where
Z1,j :=
ε
p+ 1
∫
Bj
β(x)(bjPUj)p+1 log(bjPUj)
Z2,j :=
ε
p+ 1
∫
Bj
β(x)(bjPUj)p
(∑
i 6=j
biPUi
)
Z3,j :=
ε
p+ 1
∑
i 6=j
(p+ 1)
∫
Bj
β(x)biPUi (bjPUj)p log(bjPUj)
Z4,j :=
ε
p+ 1
∑
i 6=j
(p+ 1)
∫
Bj
β(x)biPUi (bjPUj)p
(∑
i 6=j
biPUi
)
.
Using arguments similar to those given in Step 1 we get
(4.14) Zl,j = O(ε2) for l = 2, 3, 4.
On the other hand
Z1,j =
ε
p+ 1
∫
Bj
β(x)(bjPUj)p+1 log(bjPUj)
= ε
p+ 1
∫
Bj
β(x)(bjPUj)p+1 log(bjδ
−n−22
j δ
n−2
2
j PUj)
= ε
p+ 1 log
(
bjδ
−n−22
j
)∫
Bj
β(x)|PUj |p+1 + ε
p+ 1
∫
Bj
β(x)PUp+1j log(δ
n−2
2
j PUj)
= W1,j +W2,j .
Here, using (4.12), we obtain
W1,j =
ε
p+ 1 log
(
bjδ
−n−22
j
)
bp+1j
∫
Bj
β(x)|PUj |p+1
= ε
p+ 1(log (bj) + log(ε
−n−12 )− n− 22 log(di))
(
β(ξ∗)rγ1 +O(ε)
)
=− ε
p+ 1
n− 2
2 β(ξ∗)
rγ1log(di) +
ε
p+ 1β(ξ∗)γ1log(β(ξ∗)
r
2 )
− ε
p+ 1
n− 1
2 β(ξ∗)γ1log(ε) +O(
2),
(4.15)
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and, by (4.8) and (4.9), we get
W2,j =
ε
p+ 1b
p+1
j
∫
Bj
β(x)PUp+1j log(δ
n−2
2
j PUj)
= ε
p+ 1b
p+1
j
∫
Bj
β(x)PUp+1j log(δ
n−2
2
j Uj)
+ ε
p+ 1b
p+1
j
∫
Bj
β(x)PUpj (−δ
n−2
2 H(x, ξj) + Π(x, ξj))
= ε
p+ 1b
2
j
∫
Rn
Up+11,0 log(U1,0) + o(ε2)
= ε
p+ 1β(ξ∗)
r
∫
Rn
Up+11,0 log(U1,0) + o(ε2).
(4.16)
Therefore, by equations (4.14), (4.15) and (4.16), we obtain
ε
p+ 1
∫
Bj
β(x)|V εd,t,s|p+1 log(V εd,t,s)
= − ε
p+ 1(
n− 2
2 )β(ξ∗)
rγ1 log(di) +
ε
p+ 1β(ξ∗)γ1 log(β(ξ∗)
r
2 )
− ε
p+ 1(
n− 1
2 )β(ξ∗)γ1 log(ε) +
ε
p+ 1β(ξ∗)
rγ3 + o(ε2),
where γ3 :=
∫
Rn U
p+1
1,0 log(U1,0). This concludes the proof of the lemma.

Proof of Lemma 3.1. A straightforward computations show that
Iε(d, t,v) = Jε(V εd,t,v + φεd,t,v)
= 12
∫
Ω
|∇V εd,t,v + φεd,t,v|2 −
1
p+ 1− ε
∫
β(x)|V εd,t,v + φεd,t,v|p+1−ε
= J(V εd,t,v) + ψ3(d, t,v),
where
ψ3(d, t,v) :=
1
2
∫
Ω
|φεd,t,v|2 +A1(d, t,v) +A2(d, t,v)
and
A1(d, t,v) := − 1
p+ 1− ε
∫
Ω
β(x)(|V εd,t,v+φεd,t,v|p+1−ε−|V εd,t,v|p+1−ε−(p+1−ε)|V εd,t,v|p−εφεd,t,v)
A2(d, t,v) := −
∫
Ω
(∆(V εd,t,v) + β(x)|V εd,t,v|p−ε)φεd,t,v.
Since 3 ≤ n ≤ 6, Lemma 2.1 shows that∫
Ω
|∇φεd,t,v|2 = O(ε2 log(ε)2),
and
A1(d, t,v) = O(‖φεd,t,v‖22n
n−2
) = O(ε2 log(ε)2).
Moreover, using Hölder and Sobolev inequalities we get
|A2(d, t,v)| ≤
∥∥∥∥∆(V εd,t,v) + β(x)|V εd,t,v|p−ε∥∥∥∥
2n
n+2
‖φεd,t,v‖ 2n
n−2
= O(ε2 log(ε)2),
because, as in the proof of Proposition 2 in [16], we have that
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‖∆(V εd,t,v) + β(x)|V εd,t,v|p−ε‖ 2n
n+2
=

O
(
ε| log ε|+ τ + ( δτ )4 log
2
3 ( δτ )
)
for n = 6
O
(
ε| log ε|+ τ + ( δτ )n−2
)
for n = 3, 4 and 5.
Therefore, we have that
ψ3(d, t,v) =

O
(
2 | log ε| 43
)
for n = 6
O
(
ε2| log ε|2
)
for n = 3, 4 and 5.
Moreover, using equation (2.10), we can prove that∣∣∇(d,t)ψ3(d, t,v)∣∣ = O(ψ3(d, t,v)).
The next step is to expand Jε(V εd,t,v) in terms of the parameters (d, t,v). An application of
the Mean Value Theorem shows that
Jε(V εd,t,v) =
1
2
∫
Ω
|∇V εd,t,v|2 −
1
p+ 1− ε
∫
β(x)|V εd,t,v|p+1−ε
= 12
∫
Ω
|∇V εd,t,v|2 −
1
p+ 1
∫
β(x)|V εd,t,v|p+1 −
ε
(p+ 1)2
∫
Ω
β(x)|V εd,t,v|p+1
+ ε(p+ 1)
∫
Ω
β(x)|V εd,t,v|p+1 log(|V εd,t,v|) +O(ε2).
The proof is completed by applying Lemma 4.1.

5. Boundary estimates of the Green function.
In this section we establish some technical estimates we used in the previous part. Recall that
we will denote by G(x, y) the Green’s function of the Laplace operator in Ω with zero Dirichlet
boundary condition and H(x, y) is its regular part, i.e.
(5.1) G(x, y) = 1
ωn(n− 2)|x− y|n−2 −H(x, y),
where ωn is the volume of the unit sphere in Rn.
Now, for r0 > 0 we denote by
Ωr0 := {ξ ∈ Ω : dist(ξ, ∂Ω) < r0}.
If we will fix a r0 small enough then for every ξi ∈ Ωr0 there exists a unique ξ0i ∈ ∂Ω such that
ξi := ξ0i + τiηi(ξ0i ) where dist(ξi, ∂Ω) = |ξi − ξ0i | := τi. For ξi ∈ Ωr0 , we will shall write
ξ˜i := ξ0i − τiη(ξ0i )
thus ξ˜i is the reflection of ξi on ∂Ω.
The following result can be consulted, for instance, in Lemma A1 in [1].
Lemma 5.1. Let ξi ∈ Ωr0 and ξ2 ∈ Ω then, we have that
(5.2) H(ξ01 + τ1η(ξ01), ξ2) =
c
|ξ˜1 − ξ2|n−2
+O
(
τ1
|ξ˜1 − ξ2|n−2
)
where c is a positive constant.
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Let us fix ξ := ξ0 + τη(ξ0) ∈ Ωr0 close to the boundary. Consider the function Π(·, ξ) : Ω→ R
defined by
Π(x, ξ) := PUδ,ξ(x)− Uδ,ξ(x) + δ
n−2
2 H(x, ξ).
Using the maximum principle is easy to see that
sup
x∈Ω
|Π(x, ξ)| = O(δ
n+2
2
τn
).
In order to prove our main results we need more information about the function Π(·, ξ). The
rest of this section is devoted to give a proof of the following asymptotic expansion for the
function Π(·, ξ) as d(ξ)→ 0.
Lemma 5.2. For every α ∈ (0, 1) we have that
Π(ξ, ξ) :=
∞∑
k=1
a0ck
δ
n−2+4k
2
εn−2+2k
(
γ1,k
(d(ξ)
ε
)
+ εγ2,k
(d(ξ)
ε
)
κ(ξ0) +O(ε1+α)
)
for every ξ close to the boundary ∂Ω. Here κ(ξ0) is the mean curvature of Ω at the point ξ0,
ck =
(−n+2
2
k
)
:= 1k!(
−n+2
2 )(
−n+2
2 − 1) . . . (−n+22 − k + 1), and
γ1,k(
d(ξ)
ε
) := 2d(ξ)
εnωn
∫
Rn−1
dy′
|(y′, d(ξ)ε )|2n−2+2k
,
γ2,k(
d(ξ)
ε
) := (n− 2 + 2k)d(ξ)
2
ε2nωn
∫
Rn−1
y21dy
′
|(y′, d(ξ)ε )|2n+2k
.
In order to prove the Lemma above, we need to introduce some notation. First notice that
the function Π(x, ξ) satisfies the problem
−∆xΠ(x, ξ) = 0 in x ∈ Ω,
Π(x, ξ) =
∞∑
k=1
a0ck
δ
n−2+4k
2
|x− ξ|n−2+2k on x ∈ ∂Ω,
where, as before, ck,i is the binomial coefficient
(−n+2−2k
2
i
)
.
In order to simplify the computations, for every k ∈ N, we introduce the function Ik(·, ξ) :
Ω→ R to be the solution of the problem: −∆xIk(x, ξ) = 0 in x ∈ Ω,Ik(x, ξ) = 1|x−ξ|n−2+2k on x ∈ ∂Ω.
The proof of Lemma 5.2 follows from
Lemma 5.3. For every ξ close to the boundary ∂Ω, we have the following expansion
(5.3) Ik(ξ, ξ) = ε−n−2k+2
(
γ1,k(
d(ξ)
ε
) + εγ2,k(
d(ξ)
ε
)κ(ξ0) +O(ε1+α)
)
,
where α ∈ (0, 1), κ(ξ0) is the mean curvature of Ω at the point ξ0.
The proof of this lemma is similar to that of Lemma 4.4 in [9], we just give a sketch of the
argument here for the reader’s convenience: For x ∈ Rn we will write x = (x′, xn) ∈ Rn−1 × R.
Without loss of generality we may assume that ξ = (0, ξn), η(ξ0) = −en and
Tξ0∂Ω = H :=
{
(ξ′, ξn) ∈ Rn−1 × R : ξn > 0
}
.
Set c > 0 such that
∂Ω ∩Bc(0) =
{
(x′, xn) : φ(x′) = xn
}
NEW TYPE OF SOLUTIONS TO A SLIGHTLY SUBCRITICAL HÉNON TYPE PROBLEM 19
where φ : Tξ0∂Ω→ R satisfies φ(0) = 0 and ∇φ(0) = 0. Therefore
φ(x′) = 12(Mx
′, x′) +O(|x′|3) as |x′| → 0
where M := D2φ(0). As before Ωε = Ω/ε. We will write ζ := 1εξ ∈ Ωε and
Îεk(y, ζ) := εn−2+2kIk(εy, ξ).
This function satisfies that  −∆y Î
ε
k(y, ζ) = 0 in y ∈ Ωε,
Îεk(y, ζ) = 1|y−ζ|n−2+2k on y ∈ ∂Ωε.
Next we analyze the behavior of the function Îεk(y, ζ) at y ∈ ∂Ωε ∩B cε (0). A straightforward
computation shows
Îεk(y, ζ) =
1
|(y′, 1εφ(εy′))− (0, ζn)|n−2+2k
= 1
|(|y′|2 + (1εφ(εy′)− ζn)2)|
n−2+2k
2
= 1
(|y′|2 + ζ2n − 2εφ(εy′)ζn + (1εφ(εy′))2)
n−2+2k
2
= 1
(|y′|2 + ζ2n)
n−2+2k
2
(
1 +
(1εφ(εy′))2 − 2εφ(εy′)ζn
|y′|2 + ζ2n
)−n+2−2k
2
= 1|(y′, ζn)|n−2+2k

∞∑
j=0
(−n+2−2k
2
j
)((1εφ(εy′))2 − 2εφ(εy′)ζn)j
|(y′, ζn)|2j

= 1|(y′, ζn)|n−2+2k + ε
dkζn(My′, y′)
|(y′, ζn)|n+2k + ε
2O
(
ζn|y′|3 + (My′, y′)2
|(y′, ζn)|n+2k
)
here dk := (n−2+2k)2 .
The last equation suggests us to consider the function nk(z, ζ) : H → R which satisfies the
problem
(5.4)
 −∆ynk(z, ζ) = 0 in z ∈ H,nk(z, ζ) = sk(z, ζ) on z ∈ ∂H
where sk(·, ζ) : ∂H → R is defied by
sk(z, ζ) :=
1
|(z′, ζn)|n−2+2k + ε
dkζn(Mz′, z′)
|(z′, ζn)|n+2k .
The solution to problem (5.4) has the explicit form
nk(z, ζ) =
2zn
nωn
∫
∂H
sk(y, ζ)
|y − z|ndA(y)
= 2zn
nωn
∫
Rn−1
dy′
|(y′, ζn)|n−2+2k||(y′, 0)− z|n(5.5)
+ ε2znζndk
nωn
∫
Rn−1
(My′, y′)dy′
|(y′, ζn)|n+2k|(y′, 0)− z|n .
We are going to use function nk(z, ζ) to make an estimation of Îεk(y, ζ) on Ωε ∩Bc/ε(ζ0). To
do this we need to perform a change of variables. Let n̂k(·, ζ) : Ωε ∩Bc/ε(0)→ R defined by
n̂k(y, ζ) := nk(T (y), ζ)
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where T : Ωε ∩Bc/ε(ζ0)→ H is the function
T (y′, yn) := (y′, yn − 1
ε
φ(εy′)).
The following result estimates the difference between the functions Îk(·, ζ) and n̂k(·, ζ) on the
set Ωε ∩Bc/ε(ζ0).
Lemma 5.4. For every α ∈ (0, 1) we have that
Îk(y, ζ) = n̂k(y, ζ) +O(ε1+α)
uniformly on y ∈ Ωε ∩Bc/ε(ζ0).
Proof. The proof is similar to that of Lemma 4.4 in [9]. 
Finally, the proof of Lemma 5.3 follows from the previous lemma, equation (5.5) and the
following computations
εn−2+2kIk(ξ, ξ) = Îk(ζ, ζ)
= n̂k(ζ, ζ) +O(ε1+α)
= 2ζn
nωn
∫
Rn−1
dy′
|(y′, ζn)|n−2+2k|(y′, 0)− (0, ζn)|n
+ ε2dkζ
2
n
nωn
∫
Rn−1
(My′, y′)dy′
|(y′, ζn)|n+2k|(y′, 0)− (0, ζn)|n +O(ε
1+α)
= 2ζn
nωn
∫
Rn−1
dy′
|(y′, ζn)|2n−2+2k + ε
2dkζ2n
nωn
∫
Rn−1
(My′, y′)dy′
|(y′, ζn)|2n+2k +O(ε
1+α)
= 2ζn
nωn
∫
Rn−1
dy′
|(y′, ζn)|2n−2+2k + ε
2dkζ2n
nωn
n−1∑
i=1
Mii
∫
Rn−1
y21dy
′
|(y′, ζn)|2n+2k
+ O(ε1+α)
= γ1,k(
d(ξ)
ε
) + εγ2,k(
d(ξ)
ε
)κ(ξ0) +O(ε1+α)
because ∫
Rn−1
(My′, y′)dy′
|(y′, ζn)|2n+2k =
n−1∑
i,j=1
∫
Rn−1
Mijyiyjdy
′
|(y′, ζn)|2n+2k
=
n−1∑
i=1
∫
Rn−1
Miiy
2
i dy
′
|(y′, ζn)|2n+2k
=
n−1∑
i=1
Mii
∫
Rn−1
y21dy
′
|(y′, ζn)|2n+2k .
Here Mij are the entries of the matrix M := D2φ(0).
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